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I. Introduction
Unsteadiness or instability can be t r i g g e r e d i n t r a n s o n i c flows by a r e l a t i v e l y small r e l e a s e of h e a t due to such p r o c e s s e s a s condensation, c o mbustion o r e l e c t r i c a l heating. Thus, flow oscillations induced by the h e a t r el e a s e d during condensation of w a t e r vapor n e a r the t h r o a t of convergingWegener and Cagliostro . tant r o l e i n determining the operating l i m i t s of cryogenic high Reynolds n u mb e r t r a n s o n i c tunnels .
the t h r o a t of the nozzles employed i n c e r t a i n a i r b l a s t c i r c u i t b r e a k e r s . diverging nozzles have been observed by Schmidt 1 , Barschdorff2p 3* ' , and 5 Transonic condensation effects a l s o play a n i m p o rUnsteady transonic flow with heating a l s o a r i s e s n e a r 6
7
In the p r e s e n t p a p e r the transonic s m a l l d i s t u r b a n c e equations f o r s u c h flows a r e formulated and a n e x a c t similarity solution a p a r t i c u l a r f o r m of heat addition is presented. However, a s i d e f r o m the approximate a n a l y s i s of Barschdorff and Filipov", a t r a n s o n i c theory applicable to the type of unsteady flows d e s c r i b e d above does not a p p e a r to be available. the monograph by Z i e r e p 9 , f o r example. The equations f o r s t e a d y t r a n s o n i c
L '
The p r e s e n t development s t a r t s with the basic equations f o r r e a c t i v e o r nonequilibrium flow f r o m which the transonic small d i s t u r b a n c e equations a r e then derived. t i m e TCh d e s c r i b e d above l i e in this "slowly t i m e varying" regime. equations a r e identical to the unsteady transonic small d i s t u r b a n c e equations derived by Adamson13 except f o r a n added r e a c t i v e t e r m . c h a r a c t e r of such flows is provided by a s e l f -s i m i l a r solution of t h e s e equations f o r flow in a converging-diverging nozzle.
The p a r t i c u l a r c a s e in which the c h a r a c t e r i s t i c d i s t u r b a n c e >> Tf the c h a r a c t e r i s t i c flow t i m e is considered s i n c e the phenomena The r e s u l t a n t An insight into the
B a s i c Formulation
Inviscid but nonequilibrium flows will be considered, s o that the equations f o r the conservation of m a s s , momentum and e n e r g y a r e + Dp/Dt t p V v = 0
(1) In many important p r o c e s s e s a single nonequilibrium variable, s a y 6 , is sufficient, and the p r e s e n t di.scussion will be r e s t r i c t e d to this c a s e .
a c a l o r i c equation of s t a t e can be w r i t t e n as Thus h = h(p, P , E )
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Combining Eqs.
(1) -(4) a d using the relation
f o r the f r o 7 . m speed of sound then ].rads to t.he relation This equation, which f o r m s the point of d e p a r t u r e for the a n a l y s i s which follows, r e d u c e s to the well known gas dynamic equation i.n the c a s e of s t e a d y n o n r e a c t i v e flow. that d i s c u s s e d by Z i e r e p 9 among o t h e r s .
Tn steady non-reactive flow with e x t e r n a l heating Eq. (6) is identical to Equation (6) is completely g e n e r a l and c.an be used to t r e a t flows with condensation, combustion, vibrational relaxation or Joule heating. However, the definition of 5 , the thermodynamj.c derivatives, the f o r m of Q and the r a t e law governing Dg /Dt will depend on the p r o c e s s under consideration. For example, in the c a s e o f a condensing vapor in a n i n e r t gas, s u c h a s w a t e r vapor i n air, the a p p r o p r i a t e choice f o r t; i s g, the mass f r a c t i o n of condensate.
F r o m the thermodynamics of condensing flows15, it then follows that w h e r e R is the u n i v e r s a l gas constant, p i s the a v e r a g e m o l e c u l a r weight of the gaseous p a r t of the mixture, Id is the latent heat of vaporization, C s t a n t p r e s s u r e specific heat of the initial a i r vapor mixture, while vapor molecular weight. On the other hand, f o r e x t e r n a l heating of a n i n e r t g a s De /Dt = 0, and is the conp , i s the 2 w h e r e y is the r a t i o of specific heats.
Equations (1) -(3) and (6) can be simplified i n t r a n s o n i c flow because only s m a l l p e r t u r b a t i o n s f r o m the sonic velocity need to be considered. within the t r a n s o n i c r e g i m e of flow, c e r t a i n r e s t r i c t i o n s a r e placed on the m a gnitude of the r e a c t i v e and heating t e r m s i n Eq. (6) r e g a r d l e s s of the p r o c e s s involved. to t r a n s o n i c flow.
However,
To m a k e f u r t h e r p r o g r e s s the equations above m u s t now be specialized
The Transonic S m a l l Disturbance Equations
The development below p a r a l l e l s that of Adamson13 in the nonreactive c a s e .
The undisturbed flow S m a l l deviations f r o m a uniform flow moving with velocity U in the x direction, and with density and t e m p e r a t u r e p i s taken c l o s e to the sonic velocity so that ( U -a )/af << 1, and the o r d e r i n g of t h e same as i n the c a s e of i n e r t flowl3. two-dimensional flow.
and To is considered. The p r e s e n t t r e a t m e n t is r e s t r i c t e d t o
The velocity, d e n s i t t e m p e r a t u r e , and p r e s s u r e a r e m a d e d i m e n s i o n l e s s a s r e f e r e n c e quantities, and f o r the development b e --3 --using U, T o , To. and p o U low dimensional quantities will be denoted by o v e r b a r s . sions f o r u and v, the x and y velocity components and for the density p , p r e s s u r e p, t e m p e r a t u r e T and frozen speed of sound a f a r e Then a p p r o p r i a t e expan-E wkile,following the i n e r t ordering, the p a r a m e t e r 5 i s related to E1 by b z = E l ( y t l ) . Stretched < and coordinates a r e given by is a s m a l l p a r a m e t e r c h a r a c t e r i z i n g deviations f r o m the undisturbed flow v x = ; / s a ; y = ;/a (10) This stretching accounts f o r the different r a t e s of change i n the x and y d i r e c t i o n s which c h a r a c t e r i z e transonic flow. Since nozzle flows a r e of p r i m e c o n c e r n h e r e , the c h a r a c t e r i s t i c length b is taken a s the nozzle half height. I t will be s e e n l a t e r that Eq. (10) confines the analysis to a n a r r o w region of the nozzle throat.
As a l r e a d y mentioned above, the p r e s e n t analysis_is r e s t r i c t e d to the "slowly t i m e varying" r e g i m e s o that TCh > > Tf = i / U . the dimensionless time Following Adamson13
..-
( 1 1) i s t h e r e f o r e introduced. the Strouhal No. S t r = if/-?
H e r e k is a constant of O(1). Equation (11) In o r d e r to deal with the e n e r g y equation i t is n e c e s s a r y to specify the f o r m of the c a l o r i c equation of s t a t e (4). that the fluid i s a perfect gas with constant specific heats. in an i n e r t gas15, Eq. (4) 
then becomes
In the p r e s e n t c a s e i t is r e a s o n a b l e to a s s u m e F o r a condensing vapor w h e r e g is now the nonequilibrium variable, and the second t e r m on the r i g h t of this e x p r e s s i o n i s dropped if only external heating is under consideration. ing only the l a r g e s t t e r m s the e n e r g y equation now becomes
Keepw h e r e M side will be established by considering the gas dynamic equation (6).
= Go/&o. The o r d e r of magnitude of the heating t e r m on the r i g h t hand 0
Keeping only the l a r g e s t t e r m s , the gas dynamics equation (6) becomes The left s i d e of this equation is of 0 ( 6 E ); hence, it follows that, to be c o n s i stent with the t r a n s o n i c approximation, d e r e a c t i v e and heating t e r m s on the right can b e a t m o s t of 0 ( 6 E l ) . F r o m Eq. (7) it follows that the right s i d e of Eqs. (15) and (16) a r e of the s a m e o r d e r . The r i g h t s i d e of the e n e r g y equation (1 5) can, therefore, be dropped to f i r s t order, and then one integration yields the relation
The gas dynamic equation can now h e simplified f u r t h e r using the r e s u l t s developed s o f a r . F r o m Eqs. (12), (17) and the ideal gas equation i t follows that
In the c a s e of a n ideal gas substitution of the expansions (9) in Eq. (5) 
Utilizing the r e s u l t that Mz = 1 t O ( E ), the gas dynamic equation can 0 .
w h e r e x = ( M o -l j / ( y t l ) E l , and the s u b s c r i p t s denote differentiation.
S
The left side of Eq. (22) i s identical to the unsteady t r a n s o n i c s m a l l d i sturbance equation f o r i n e r t f l o w . l 3 ther discussion and is considered below.
The heating t e r m on the r i g h t r e q u i r e s f u rSince a l l t r a n s p o r t effects a r e neglected h e r e the boundary conditions a t 13 I a solid s u r f a c e will be the s a m e as i n the i n e r t c a s e considered by Adamson Hence, with the wall coordinate y given by W the wall boundary condition i s
H e r e y. is a constant.
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IV. Application to Nozzle Flow with Heating
A s indicated above the application of g r e a t e s t i n t e r e s t h e r e is t r a n s o n i c nozzle flow with heating f r o m condensation o r a n e x t e r n a l s o u r c e .
of t h e s m a l l d i s t u r b a n c e equation ( 2 2 ) to s u c h flows now r e q u i r e s f u r t h e r d i s c u ssion. Distinguishing f e a t u r e s of this equation a r e the heating t e r m on the r i g h t which l i m i t s the p r o c e s s e s which can be treated, and the r e s t r i c t i o n of the u nsteady p r o c e s s e s to the slowly t i m e varying r e g i m e .
The r e l a t i o n i , To begin, the s m a l l p a r a m e t e r E l will be r e l a t e d to the g e o m e t r y of the nozzle t h r o a t w h e r e the flow of i n t e r e s t occurs. with wall r a d i u s of c u r v a t u r e i s shown in Fig. 1 . The o r d i n a t e of the w a l l contour is given by Eq. ( 2 3 ) f r o m which i t follows that The t h r o a t section of a nozzle since 6' = E ( y t l ) . Since F (a Z F~/~ x2) '-0(1). Ilence x, and t, a r e a l l O(1) i t follows that
and . i relation between E and the nozzle g e o m e t r y i s thus established. So that the observed r e s u l t that f -O(1) implies that the nozzle oscillations w e r e indeedwithin the slowly t i m e varying r e g i m e . f observed in the "slowly t i m e varying" r e g i m e a r e by no m e a n s s m a l l .
nozzle with 5 = 0 . 6 5 cm, 16 cin and with 2" ?x 300 m/sec. f r e q u e n c i e s up to 6000 Hz w e r e observed. Cagliostro w e r e a l s o found to be consistent16 with the o r d e r i n g used to develop Eq. (22) .
The a c t u a l oscillation f r e q u e n c i e s
In a
=
Other p a r a m e t e r s r e p o r t e d by Wegener and
W
The heating t e r m on the r i g h t of Eq. (22) cannot exceed O(1) within the o r d e r of t r a n s o n i c approximation considered h e r e . i t then follows that F o r p u r e l y e x t e r n a l heating
If the e x t e r n a l heating r a t e can be c h a r a c t e r i z e d by heat 4 volume of flow in a heating t i m e q added p e r unit c h a r a c t e r i s t i c t i m e f o r condensation l i e s i n the r a n g e 10 < T ' < 100 p s e c , w h e r e the physically observed condensation t i m e is denoted by a p r i m e to distinguish it f r o m the value given Isy Eq. (33). In the upper r a n g e ' satisfies condition (33) f o r m a n y of the c a s e s given i n Table I . However, when T ' s lop s e c , T ' << f o r m of probably involving n a r r o w condensation f r o n t s will be required. The p r e s e n c e of such f r o n t s is, in fact, indicated in i n t e r f e r o g r a m s of nozzle flows with condensation.
-
This equation t h e r e f o r e d o e s not d e t e r m i n e ;
C 0' C ' h e dimensions of the nozzles studied by computed using E?. (33) a r e p r e s e n t e d i n Table I . (31) will be violated. Eq. (22) will no longer be applicable, and a different t r e a t m e n t The small d i s t u r b a n c e e q u a t i o i i n the C C 2
V. S i m i l a r i t y Solution -F o r m u l a t i o n
Although solutions of the s m a l l d i s t u r b a n c e equation (22) f o r condensation induced o s c i l l a t o r y flows a r e not yet available, i t is possible to develop a n e x a c t s i m i l a r i t y solution of Eq. (22) f o r s p e c i a l f o r m s of e x t e r n a l heating, This solution, which d e s c r i b e s the type of flow generated by e l e c t r i c a l o r Joule heating, and provides valuable insight into the effects of heating upon t r a n s o n i c nozzle flow, i s developed below.
.
At first, i t is convenient to e x p r e s s Eq. (22) i n t e r m s of the velocity perturbations u(l), and to r e p l a c e the e x t e r n a l heating t e r m by the heating function:
Taking Mo = 1 so that x = 0, Eq. 
When Q i s a function of timk t alone, Qx = 0 and Eq. (37) is reduced to the o r d in a r y differential equation
The function p (t) is an a r b i t r a r y function of time, and b is a constant whose significance will become evident l a t e r . m e t r i c a l with r e s p e c t to the x a x i s ; x a x i s can be taken a s the w a l l s of a nozzle. velocity perturbation u(l) on thq ayis y = 0 and Z(S) = u ( l ) in s t e a d y flow when
The flow d e s c r i b e d by Eq. (36) i s s y mthus, any two s t r e a m l i n e s m i r r o r e d in the
The function Z ( S ) is r e l a t e d to the p ' (t) = 0.
Equation (38) is identical to that considered by Tomotika and Tamada17.in t h e i r study of transonic nozzle flow, and has the solution
with cy a constant of integration. The t r a n s r s e velocity, v"), 
It i s significant that while the reaction t e r m Q(t) and the function p (t) a r e a b s e n t While Eqs. (39) and (40) (41) is a solution, and d e s c r i b e s a flow a c c e l e r a t i n g f r o m subsonic to s u p e r s o n i c velocity through a nozzle throat. Since (1) u (x, 0, t) = 4b X in this c a s e , the constant b h e r e d e t e r m i n e s velocity g r a d i e n t on t h e nozzle axis. This simple, though physically significant, solution will now be cons i d e r e d in detail.
The t r a n s v e r s e velocity v(') now will b e 2 2 2 (') = 16b xy t 22. b3y3 t y(16b p -4k p " f a ) The function p (t) is now r e l a t e d to the heating function through Eq. (44) which then e s t a b l i s h e s the influence of Q(t) upon the similarity solution. tion (44) i s a l i n e a r non-homogeneous o r d i n a r y differential equation and so p o s e s few difficulties. boundary condition fits with the well known analogy between heating and a r e a change in one dimensional c o m p r e s s i b l e flow18.
E q u a -
The r e s u l t that the influence of heating e n t e r s through the VI. S i m i l a r i t y Solution -R e s u l t s u Since Eq. (44) f o r P ( t ) is linear, it can b e solved f o r any Q(t) which can be e x p r e s s e d in t e r m s of a F o u r i e r s e r i e s or integral. to t r e a t the c a s e when Q(t) is the harmonic function i w t j Hence i t is first of i n t e r e s t (45) Q(t) = Re(Ae w h e r e the amplitude A -0(1), and w is a d i m e n s i o n l e s s angular frequency.
Equation ( 3 6 ) f o r u ( l ) then yields the r e s u l t 1 t R e [ J"-. e i ( r r t w t -9
-1
This solution f o r u(l) contains a t r a n s i e n t p a r t which d e c a y s exponentially. The value of the constant k defined by Eq. (11) has no effect on the final r es u l t s and s o will be taken a s unity.
To a s s e s s the full meaning of this solution f o r u(l), it will b e e x p r e s s e d i n t e r m s of the physical v a r i a b l e s x" = ( G / i ) , a r e r e l a t e d to the nozzle g e o m e t r y and the c r i t i c a l speed of sound ,
Defining the dimensionless c u r v a t u r e K = = ( G / i ) , a n d T = (t/Tf)-;hich a .
4'-/z, i t is r e a d i l y shown13 that
The constant b thus r e l a t e s the s m a l l p a r a m e t e r E1 to K but d o e s not affect the final result. In the p r e s e n t c a s e by letting b = (1/4), Eq. (48) becomes El = K .
The r e l a t i o n between the d i m e n s i o n l e s s amplitude A and the a c t u a l heating rate is established by Eq. (34). (51 Equation (50) d e s c r i b e s the r e s p o n s e of the flow n e a r the t h r o a t of a converging -diverging nozzle to oscillatory, uniformly distributed, heating. This solution will be consistent with the o r d e r i n g in the derivation provided
The constant K2 w i l l depend on the initial conditions of the flow, but h a s no f u r t h e r effect a f t e r the d e c a y of the t r a n s i e n t t e r m . e folding t i m e and K = 0.1, this decay t i m e is about 700 p s e c . the nozzles considered by Wegener and Cagliostro5 and Barschdorff a r e shown in Table I . the f a c t o r r ) , p h a s e of the velocity oscillations induced by the heat input. P = 5cm, K = 0.1, the a c t u a l f r e q u e n c y f will be 2700 Hz (1)
The sonic line, w h e r e Eu = 0, is a parabola which is concave i n t h e u pAfter the d e c a y of the s t r e a m d i r e c t i o n and o s c i l l a t e s about the nozzle throat. t r a n s i e n t the sonic line s a t i s f i e s the equation T w o additional examples of the heating function Q(t) will be considered: a periodic s q u a r e wave and a discontinuous change in Q. -4 3 a and the a c t u a l f r equency will be 23 Hz.
2(a) and 2(b) As is to be expected, As a n example f o r r ) = 0.1, % 300 m-sec, 1 = 5 cm, i t t u r n s out that f = 8 . 7 x 10-In the c a s e of a discontinuous change in Q such that 0 ; t < 0
H e r e again the e folding t i m e f o r the flow to a d j u s t to the i s 2~~~.
Generally, shock waves which m a y move through the t h r o a t r e g i o n will o c c u r i n unsteady 2ozzle flow, and a r e p r e s e n t i n the i n t e r f e r o g r a m s of flow with condensation mentioned above. Such shock waves can be i n c o r p o r a t e d i n the s i m i l a r i t y solution d e s c r i b e d above 18, l 9 .
ing solutions in which the nozzle w a l l s a r e s t a t i o n a r y both u p s t r e a m and downs t r e a m of the shock.
The difficulty l i e s i n develop- Taking the u p s t r e a m solution a s the a c c e l e r a t i n g flow Z = 4bS, The shock condition then r e q u i r e s that U p s t r e a m of the shock the solution will be identical to that t r e a t e d above with pu(t) and Q(t) related by Eq. (44). shock i m p l i e s that the shock moves i n the x -d i r e c t i o n with velocity The f a c t that S = S o = const. on the S given by The shock i s thus "driven" by the heat input Q(t) through the function p (t).
The p r o b l e m is that since Z ( S ) changes discontinuously a c r o s s the shocx, the t r a n s v e r s e velocity v(') given by Eq. (40) Equations have been formulated f o r the unsteady slowly t i m e varying t r a nsonic flow of a gas with e x t e r n a l or r e a c t i v e heating. These equations a r e i d e nt i c a l to the non-reactive o r adiabatic unsteady t r a n s o n i c equations except f o r the inclusion of a heating t e r m . Consideration of e x p e r i m e n t a l r e s u l t s suggests that t h e s e equations a r e a p p r o p r i a t e f o r the a n a l y s i s of the condensation induced oscillations observed i n transonic nozzles. However, the t r e a t m e n t of s u c h flows will r e q u i r e a consideration of shock waves and condensation f r o n t s i n conjunction with the equations derived here.
It has been possible to develop a s i m i l a r i t y solution f o r a uniform, but t i m e varying, heat input as might a r i s e in e l e c t r i c a l o r Joule heating. i n t e r e s t i n g that the r e s p o n s e of the flow to heating i s established through a l i n e a r equation which a r i s e s f r o m the boundary conditions a t the walls of the nozzle. The unsteady flows due to both a periodic and stepwise h e a t input have been d etermined. T r a n s i e n t d i s t u r b a n c e s a r e found to decay i n a t i m e of the o r d e r T = a/:"-).
F o r a periodic input with frequency F, the p a r a m e t e r ri = 4 ? i i T d e t e r m i n e s the r e s p o n s e of the flow. Ch s e n s e , , >> It is ch F o r a l a r g e f r e q u e n c y in the 1, the r e s p o n s e of the flow field will be minimal.
S i m i l a r i t y solutions with shock waves a r e r e a d i l y d e t e r m i n e d ; however, i t h a s not been possible to develop s u c h solutions with nozzle contours which W a r e rigid throughout. d e s c r i b e d by Adamson, e t al. l 9 is probably a p p r o p r i a t e .
To d e a l with such flows, a technique s i m i l a r to that In this paper, p a r t i c u l a r e m p h a s i s has been placed on nozzle flows with condensation or e x t e r n a l heating. ble in the c a s e of exothermic chemical reactions if 5 denotes a r e a c t i o n p r o g r e s s v a r i a b l e and L is replaced by the enthalpy of reaction. of the p r o c e s s will, of c o u r s e , be quite different.
However, the a n a l y s i s will a l s o be a p p l i c aThe physics VIII. R e f e r e n c e s Table I Dimensions and C h a r a c t e r i s t i c Times of Nozzles 5 Used by Wegener and Cagliostro 
